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Abstract
In this paper, we define λ-joint, a′-joint, (λ,λ)-joint, (λ, a′)-joint and (a′, a′)-joint t-universality of
Lerch zeta functions and consider the relations among those. Next we show the existence of (λ,λ)-
joint t-universality. Finally, we also show the existence of λ-joint, a′-joint, (λ, a′)-joint and (a′, a′)-joint
t-universality by using inversion formulas.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Definition 1. The Lerch zeta function L(λ,a, s), for λ ∈ R, 0 < a  1 and (s) > 1, is defined by
L(λ,a, s) :=
∞∑
n=0
e2πiλn
(n + a)s . (1)
We call the parameter in the numerator the λ-part parameter and call the parameter in the de-
nominator the a-part parameter. In this case, the λ-part parameter is λ, and the a-part parameter
is a.
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2 T. Nakamura / Journal of Number Theory 123 (2007) 1–9When λ ∈ Z, the Lerch zeta function L(λ,a, s) reduces to the Hurwitz zeta function ζ(s, a).
If λ /∈ Z, the function L(λ,a, s) is analytically continuable to an entire function. But the function
ζ(s, a) is analytically continuable to a meromorphic function, which has a simple pole at s = 1.
We prepare some notation for t-universality.
By meas{A} we denote the Lebesgue measure of the set A, and, for T > 0, we use the notation
νtT {· · ·} :=
1
T
meas
{
t ∈ [0, T ]; . . .},
where in place of dots some condition satisfied by t is to be written. Let D := {s ∈ C; 1/2 <
(s) < 1}. The next theorem is proved by A. Laurincˇikas and K. Matsumoto in [3] (see also [2,
p. 122, Theorem 3.1]).
Theorem 2 (Joint t-universality [3, Theorem 1]). Let a1, . . . , am be transcendental and alge-
braically independent numbers, λ1 = b1/q1, . . . , λm = bm/qm, (b1, q1) = 1, . . . , (bm, qm) = 1,
where q1, . . . , qm are distinct positive integers and b1, . . . , bm are positive integers with b1 < q1,
. . . , bm < qm. Let K1, . . . ,Km be compact subsets of the strip D, with connected complements,
and for 1  l  m, let fl(s) be a continuous function on Kl which is analytic in the interior
of Kl . Then for every ε > 0 it holds that
lim inf
T →∞ ν
t
T
{
sup
1lm
sup
s∈Kl
∣∣L(λl, al, s + it) − fl(s)∣∣< ε}> 0.
As an application of Theorem 2, we obtain the following theorem.
Theorem 3. [3, Theorem 2] Let λl , al be as in Theorem 2, and Fk , 0  k  n, be continuous
functions on CNm. Suppose
n∑
k=0
skFk
(
L(λ1, a1, s), . . . ,L(λm,am, s),L
′(λ1, a1, s), . . . ,
L′(λm,am, s), . . . ,L(N−1)(λ1, a1, s), . . . ,L(N−1)(λm, am, s)
)= 0
identically for all s ∈ C. Then Fk ≡ 0, 0 k  n.
Remark 4. The assumption of [3, Theorem 1] is that a1, . . . , am are merely transcendental. But
actually we need the assumption that a1, . . . , am are not only transcendental but also algebraically
independent (see [4]).
This theorem means that joint functional independence of Lerch zeta functions is implied
by joint t-universality. However we obtain new types of t-universality in Theorem 18 by the
inversion formula (2) which is a relation of Lerch zeta functions.
This paper can be divided into three parts. In Section 2, we recall the inversion formula (2) in
Lemma 5. Next we consider λ-joint and a′-joint t-universality, which are defined by Definitions 7
and 8. By formula (2), we can obtain a theorem of t-universality in Theorem 9.
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defined by Definitions 12–14. By formula (2), we can obtain theorems of t-universality in Theo-
rems 15 and 16.
In Section 4, we show the existence of (λ,λ)-joint t-universality in Theorem 17, by modifying
the proof of [1, Theorem 1]. In Theorem 2, λl are rational numbers, but we can also obtain the
case of when λl are irrational numbers. And we establish the existence of λ-joint, a′-joint, (λ, a′)-
joint and (a′, a′)-joint t-universality by chart (11). Finally, as an application of Theorem 17, we
show the joint functional independence in Theorem 20.
2. Joint t-universality
Firstly, we quote the following inversion formula [5, Theorem 2.2]. Let i = √−1, and
ω
j
m = exp(2πij/m), j,m ∈ N, 0 j m − 1.
Lemma 5 (The inversion formula [5, Theorem 2.2]). We have
L
(
mλ,a + j
m
, s
)
= ms−1e−2πiλj
m−1∑
n=0
ω
−jn
m L
(
λ + n
m
,ma, s
)
. (2)
Proof. We give a proof for the convenience of readers. If J ∈ N, we have
m−1∑
n=0
(
ω
j
m
)n(
ωnm
)J = {m j + J ≡ 0 mod m,0 otherwise.
From this formula, we have
m−1
m−1∑
n=0
ω
−jn
m
∞∑
h=0
ωnhm z
h/m
(h + ma)s =
∞∑
h=0
z(mh+j)/m
(mh + ma + j)s , z := e
2πimλ.
We obtain (2) by the above equation. 
Now we consider t-universality for Lerch zeta functions. We put 0 < R < 1/4, K :=
{s; |s − 3/4|  R} and k be a positive integer. We denote by U the set of functions continu-
ous on the disk K and analytic in the interior of K .
Definition 6 (t-Universality). The t-universality for L(λ,a, s) is the following property: Let
λ ∈ R and a > 0 be fixed and f (s) ∈ U . Then for every ε > 0
lim inf
T →∞ ν
t
T
{
max
s∈K
∣∣kitL(λ, a, s + it) − f (s)∣∣< ε}> 0. (3)
Next we define joint t-universality for the parameter which is related to the λ-part. For con-
venience we use the symbol
m−1
max
n=0
:= max
0nm−1
.
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following property: Let λ ∈ R and a > 0 be fixed and fn(s) ∈ U . Then for every ε > 0
lim inf
T →∞ ν
t
T
{
m−1
max
n=0
max
s∈K
∣∣∣∣kitL
(
λ + n
m
,a, s + it
)
−fn(s)
∣∣∣∣< ε
}
> 0. (4)
Further, we prepare the following definition.
Definition 8 (a′-Joint t-universality). The a′-joint t-universality for {L(λ,a + j/m, s)}j is the
following property: Let λ ∈ R and a > 0 be fixed and f (s) ∈ U . Then for every ε > 0
lim inf
T →∞ ν
t
T
{
m−1
max
j=0
max
s∈K
∣∣∣∣kitL
(
λ,a + j
m
, s + it
)
− f (s)
∣∣∣∣< ε
}
> 0. (5)
We note that, in (5), all the functions which are to be approximated are the same f (s) for
0 j m − 1. Under Definitions 7 and 8, we have the next theorem.
Theorem 9. We have for 0 j m − 1,
if the set {L(λ + n/m,ma, s)}
n
has λ-joint t-universality,
	⇒ the set {L(mλ,a + j/m, s)}
j
has a′-joint t-universality.
Especially if we put a = 1/m and ma + j = l = 1,2, . . . ,m, we have for 1 l m,
if the set {L(λ + n/m,1, s)}
n
has λ-joint t-universality,
	⇒ the set {L(mλ, l/m, s)}
l
has a′-joint t-universality.
Proof. To simplify the argument, we consider the case of k = 1. We can take
g(s) := ms−1e−2πiλj
m−1∑
n=0
ω
−jn
m fn(s) ∈ U,
f0(s) = m1−se2πiλj g(s), fj (s) = 0, 1 j m − 1,
without loss of generality. For every ε > 0, we have
lim inf
T →∞ ν
t
T
{
m−1
max
n=0
max
s∈K
∣∣∣∣mitL
(
λ + n
m
,ma, s + it
)
− fn(s)
∣∣∣∣< ε
}
> 0, (6)
because {L(λ + n/m,ma, s)}n has λ-joint t-universality. By formula (2), for any t which satis-
fies (6), we have
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max
j=0
max
s∈K
∣∣∣∣L
(
λ,a + j
m
, s + it
)
− g(s)
∣∣∣∣

m−1∑
j=0
max
s∈K
∣∣∣∣∣ms−1e−2πiλj
m−1∑
n=0
ω
−jn
m
{
mitL
(
λ + n
m
,ma, s + it
)
− fn(s)
}∣∣∣∣∣

m−1∑
j=0
m−1∑
n=0
max
s∈K
∣∣∣∣mitL
(
λ + n
m
,ma, s + it
)
− fn(s)
∣∣∣∣< m2ε. (7)
This formula implies that {L(λ, (a + j)/m, s)}j has a′-joint t-universality. 
We obtain the next corollary by removing maxm−1j=0 and
∑m−1
j=0 in (7).
Corollary 10. We have for 0 j m − 1,
if the set {L(λ + n/m,ma, s)}
n
has λ-joint t-universality,
	⇒ the function L(mλ,a + j/m, s) has t-universality.
Especially, we have for 1 l m,
if the set {L(λ + n/m,1, s)}
n
has λ-joint t-universality,
	⇒ the function L(mλ, l/m, s) has t-universality.
Remark 11. If λ ∈ Q, it is shown in [2, p. 119, Theorem 2.3] that the function L(λ, l/m, s)
has universality by joint universality of Dirichlet L functions. If λ is not a rational number, the
universality of L(λ, l/m, s) is unknown.
3. Double joint t -universality
Let k, m1 and m2 be positive integers and satisfy (m1,m2) = 1 in this section. Firstly, we
define the following double joint t-universality which is related to the λ-part.
Definition 12 ((λ,λ)-Joint t-universality). The (λ,λ)-joint t-universality for {L(λ + n1/m1 +
n2/m2, a, s)}n1,n2 is the following property: Let λ ∈ R, a > 0 be fixed and fn1,n2(s) ∈ U . Then
for every ε > 0
lim inf
T →∞ ν
t
T
{
m1−1
max
n1=0
m2−1
max
n2=0
max
s∈K
∣∣∣∣kitL
(
λ + n1
m1
+ n2
m2
, a, s + it
)
− fn1,n2(s)
∣∣∣∣< ε
}
> 0. (8)
Next we define the double joint t-universality which is related to both the λ-part and the
a-part.
Definition 13 ((λ, a′)-Joint t-universality). The (λ, a′)-joint t-universality for {L(λ + n1/m1,
a + j2/m2, s)}n1,j2 is the following property: Let λ ∈ R, a > 0 be fixed and fn1(s) ∈ U . Then
for every ε > 0
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T →∞ ν
t
T
{
m1−1
max
n1=0
m2−1
max
j2=0
max
s∈K
∣∣∣∣kitL
(
λ + n1
m1
, a + j2
m2
, s + it
)
− fn1(s)
∣∣∣∣< ε
}
> 0. (9)
This is a generalization of λ-joint t-universality. We can also consider the case that the variable
of λ-part is n2/m2 and the variable of a-part is j1/m1. We call it (λ, a′)-joint t-universality, too.
Finally, we define the double joint t-universality is related to the a-part.
Definition 14 ((a′, a′)-Joint t-universality). The (a′, a′)-joint t-universality for {L(λ,a +
j1/m1 + j2/m2, s)}j1,j2 is the following property: Let λ ∈ R, a > 0 be fixed and f (s) ∈ U .
Then for every ε > 0
lim inf
T →∞ ν
t
T
{
m1−1
max
j1=0
m2−1
max
j2=0
max
s∈K
∣∣∣∣kitL
(
λ,a + j1
m1
+ j2
m2
, s + it
)
− f (s)
∣∣∣∣< ε
}
> 0. (10)
This is a generalization of a′-joint t-universality.
Since (m1,m2) = 1, we can see that
{
L(λ + m2n1/m1 + n2/m2,m1m2a, s)
}
n1,n2
= {L(λ + n1/m1 + n2/m2,m1m2a, s)}n1,n2 .
By using method similar to proof of Theorem 9 and Corollary 10, we have the next theorems.
Theorem 15. We have for 0 j2 m2 − 1, if the set {L(λ + n1/m1 + n2/m2,m1m2a, s)}n1,n2
has (λ,λ)-joint universality,
	⇒
{
the set
{
L(m2λ + n1/m1,m1a + j2/m2, s)
}
n1,j2
has (λ, a′)-joint universality,
the set
{
L(m2λ + n1/m1,m1a + j2/m2, s)
}
n1
has λ-joint universality.
Theorem 16. We have for 0 j1 m1 − 1, if the set {L(m2λ + n1/m1,m1a + j2/m2, s)}n1,j2
has (λ, a′)-joint universality,
	⇒
{
the set
{
L(m1m2λ,a + j1/m1 + j2(m1m2)−1, s)
}
j1,j2
has (a′, a′)-universality,
the set
{
L(m1m2λ,a + j1/m1 + j2(m1m2)−1, s)
}
j2
has a′-universality.
The next chart describes the relation among various types of universality. The arrows α ↘ β
and α ↓ β mean that we can obtain β by applying inversion formula (2) to α.
(λ,λ)
↓Thm.15 ↘Thm.15
(λ, a′) ⊃ λ
↓Thm.16 ↘Thm.16 ↓Thm.9 ↘Cor.10
(a′, a′) ⊃ a′ ⊃ t-uni.
double joint single
(11)
T. Nakamura / Journal of Number Theory 123 (2007) 1–9 74. The existence of (λ,λ)-joint t-universality
In this section, we show the existence of (λ,λ)-joint universality.
Theorem 17. Suppose λ ∈ R \ Q or λ = n3/m3, and 1 < m1,m2,m3 ∈ N are relatively prime.
Let a be transcendental and fn1,n2(s) ∈ U . Then for every ε > 0
lim inf
T →∞ ν
t
T
{
m1−1
max
n1=0
m2−1
max
n2=0
max
s∈K
∣∣∣∣L
(
λ + n1
m1
+ n2
m2
, a, s + it
)
− fn1,n2(s)
∣∣∣∣< ε
}
> 0. (12)
Proof. The proof of this theorem is based on [1, Theorem 1]. We have to check that [3, Lemma 1]
and [3, Lemma 3] can be used in our present situation. We can confirm [3, Lemma 1] by [1,
Lemma 2] and [1, Theorem 3] (these lemma and theorem only need the transcendency of a).
Next, in order to confirm [3, Lemma 3], we have to check conditions (a)–(c) of [3, Lemma 3]. We
need λ ∈ R\Q or m1,m2,m3 are relatively prime for condition (b). How to confirm assumptions
(b) and (c) are the same as [3, Lemma 3]. To check condition (a), we modify the proof of [3,
Lemma 6]. Firstly we put
λn1,n2 := λ +
n1
m1
+ n2
m2
, M := m1m2.
Let B(C) stands for the class of Borel sets of the space S. Similarly to [3, p. 221, (12)] let
μ1,1, . . . ,μn1,n2 be complex measures on (C,B(C)) with compact supports contained in D such
that
∞∑
n=1
∣∣∣∣∣
m1−1∑
n1=0
m2−1∑
n2=0
∫
C
e2πiλn1,n2
ns
dμn1,n2(s)
∣∣∣∣∣< ∞.
By (m1,m2) = 1 and Chinese Remainder Theorem, that is, Z/MZ ∼= Z/m1Z×Z/m2Z, we can
rewrite it as
∞∑
n=1
∣∣∣∣∣
M∑
k=1
∫
C
e2πiλne2πikn/M
ns
dμk(s)
∣∣∣∣∣< ∞,
where {dμk} is a rearrangement of {dμn1,n2}. Hence we have
∞∑
n=1
n≡r mod M
∣∣∣∣∣
M∑
k=1
∫
C
e2πiλne2πikr/M
ns
dμk(s)
∣∣∣∣∣< ∞, 1 r M.
And let
νr(A) :=
M∑
e2πikr/Mμk(A), A ∈ B(C), 1 r M.
k=1
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∞∑
n=1
n≡r mod M
∣∣∣∣
∫
C
e2πiλnn−s dνr (s)
∣∣∣∣< ∞, 1 r M.
By the equality
∣∣∣∣
∫
C
e2πiλnn−s dνr(s)
∣∣∣∣=
∣∣∣∣e2πiλn
∫
C
n−s dνr(s)
∣∣∣∣=
∣∣∣∣
∫
C
n−s dνr(s)
∣∣∣∣,
similarly to [3, p. 221, (13)] we obtain
∞∑
n=1
n≡r mod M
∣∣∣∣
∫
C
n−s dνr (s)
∣∣∣∣< ∞, 1 r M. (13)
We continue the same argument as in the proof of [3, Lemma 6]. By (m1,m2) = 1, we have
M∑
r=1
e
2πir(λn1,n2−λn′1,n′2 ) =
{
M n1 = n′1, n2 = n′2,
0 otherwise.
(14)
By using (14) and modifying the proof of [3, Lemma 6], we find that condition (a) is valid. Hence
we now verify [3, Lemma 3] in our case, and so, we obtain Theorem 17. 
By chart (11), we have the next theorem.
Theorem 18. There exist Lerch zeta functions for which (λ, a′)-joint (respectively (a′, a′)-joint
a′-joint and λ-joint) t-universality hold.
Remark 19. We can also consider triple t-joint universality, and by modifying the proof of
Theorem 17, we obtain examples which satisfy (λ,λ,λ)-joint t-universality. Moreover, by the
inversion formula (2), we obtain the following chart larger than (11).
(λ,λ,λ)
↓ ↘
(λ,λ, a′) ⊃ (λ,λ)
↓ ↘ ↓ ↘
(λ, a′, a′) ⊃ (λ, a′) ⊃ λ
↓ ↘ ↓ ↘ ↓ ↘
(a′, a′, a′) ⊃ (a′, a′) ⊃ a′ ⊃ t-uni.
triple double joint single
(15)
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Theorem 20. Let {λl} be a rearrangement of {λn1,n2}, a be as in Theorem 17. Suppose Fk ,
0 k  n, be continuous functions on CNm. Suppose
n∑
k=0
skFk
(
L(λ1, a, s), . . . ,L(λm,a, s),L
′(λ1, a, s), . . . ,
L′(λm,a, s), . . . ,L(N−1)(λ1, a, s), . . . ,L(N−1)(λm, a, s)
)= 0
identically for all s ∈ C. Then Fk ≡ 0, 0 k  n.
Proof. The proof of this theorem is completely the same as the proof of [3, Theorem 2]. 
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